We study the nonperturbative effects of the minimal length on the energy spectrum of a relativistic particle in the context of the generalized uncertainty principle (GUP). This form of GUP is consistent with various candidates of quantum gravity such as string theory, loop quantum gravity, and black-hole physics and predicts a minimum measurable length proportional to the Planck length. Using a recently proposed formally self-adjoint representation, we solve the generalized Dirac and Klein-Gordon equations in various situations and find the corresponding exact energy eigenvalues and eigenfunctions. We show that for the Dirac particle in a box, the number of the solutions renders to be finite as a manifestation of both the minimal length and the theory of relativity. For the case of the Dirac oscillator and the wave equations with scalar and vector linear potentials, we indicate that the solutions can be obtained in a more simpler manner through the self-adjoint representation. It is also shown that, in the ultrahigh frequency regime, the partition function and the thermodynamical variables of the Dirac oscillator can be expressed in a closed analytical form. The Lorentz violating nature of the GUP-corrected relativistic wave equations is discussed finally.
Introduction
The assumption of the continuity of space is one of the important queries in theoretical and experimental physics which may be broken down at high energy limit. Indeed, the existence of a minimal measurable is one of the common aspects of various candidates of quantum gravity such as sting theory, loop quantum gravity, black-hole physics, and noncommutative geometry. Moreover, some phenomenological evidence implies that a minimal length of the order of the Planck length Pl ∼ 10 −35 m naturally arises from any theory of quantum gravity [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] .
From the field theoretical approach, the theory of relativity is not renormalizable and leads to the ultraviolet divergences. However, this theory can be renormalizable by introducing a minimal observable length as an effective cutoff in the ultraviolet domain. Note that, since the effect of the minimal length which is proportional to the square of the Planck length 2 
Pl
= Gh/c
(G is
Newton's constant), its influence is too small in magnitude. However, this gravitational phenomenon is a universal effect and couples to all forms of matter. In fact, the realization of this quantum gravity effect in the current or future experiments can make an intense influence on our view about the universe we live in. Also it could solve some problems such as the mechanism of E-mail address: p.pedram@srbiau.ac.ir. singularity avoidance at early times and the black-hole spacetime.
In order to incorporate the idea of the minimal length with the laws of quantum mechanics, we need to modify the Heisenberg uncertainty principle to the so-called Generalized Uncertainty Principle (GUP). The introduction of this idea has drawn much attention in recent years and many papers have been appeared in the literature to address the effects of GUP on various quantum mechanical systems [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] . In this formalism, all commutation relations in the Hilbert space are changed and consequently all Hamiltonians should be modified (see [24] and the references therein). Since the effects of the minimal length will be significant at high-energy regime and the elementary particles obey relativistic equations of motion at this limit, it is essential to study the relativistic wave equations in the GUP framework.
In the relativistic context, the problem of the Dirac oscillator in the presence of the minimal length is addressed in Ref. [31] and its thermodynamics is studied at high-temperature limit. Moreover, the Dirac and Klein-Gordon equations with scalar and vector linear potentials in one-dimension and in the presence of the minimal length are studied in the momentum space representation and the corresponding energy eigenvalues and eigenfunctions are obtained in Refs. [32, 33] . On the other hand, the effects of the minimal length and the maximal momentum on the Dirac particle in a box have been recently studied "perturbatively" as secondand third-order differential equations in the position space [34, 35] . Moreover, the nonrelativistic particle in a box in the presence of the minimal length and the maximal momentum is also discussed in Refs. [36, 37] .
In this Letter, we generalize the application of the recently proposed formally self-adjoint representation [38] for the relativistic wave equations in the following situations: Free Dirac and KleinGordon particles, Dirac particle in a box, Dirac oscillator, and Dirac and Klein-Gordon particles with scalar and vector linear potentials. We show that, for the Dirac particle in a box, the number of the bound-state solutions is finite and the thermodynamics of the Dirac oscillator mimics the behavior of the nonrelativistic harmonic oscillator for high-frequency regime. These particular behaviors are due to the combinational effect of the minimal length in its nonperturbative form and the theory of relativity. We finally comment on the connection between GUP and the Lorentz violation.
The generalized uncertainty principle
According to the Heisenberg uncertainty relation, in principle, we can separately measure the position and momentum of particles with arbitrary precision. Thus, if there is a genuine lower bound on the results of the measurements, the Heisenberg uncertainty relation should be modified. Here we consider a generalized uncertainty principle that results in a minimum observable length [30] X P
where β is the GUP parameter and ζ is a positive constant which depends on the expectation value of the momentum operator, i.e., ζ = β P 2 . We also have β = β 0 /(M Pl c) 2 where M Pl is the Planck mass and β 0 is of order of unity. Note that the deviation from the Heisenberg picture should be take place in the high-energy limit where the effects of quantum gravity would be important. So, for energies much smaller than the Planck energy M Pl c 2 ∼ 10 19 GeV, we should recover the famous Heisenberg uncertainty relation. It is straightforward to check that the above inequality relation implies the existence of a minimum observable length equal to ( X) min = h √ β. In the context of string theory, we can interpret this length as the length of the strings and conclude that the string's length is proportional to the square root of the GUP parameter. In onedimension, the above uncertainty relation can be obtained from the deformed commutation relation, namely [30] [X,
where for β = 0 we recover the well-known commutation relation in ordinary quantum mechanics. To exactly satisfy the above algebra, Kempf, Mangano and Mann (KMM) have proposed the following representation [30] :
where x an p are canonical position and momentum operators, i.e., [x, p] = ih. In fact, X and P are symmetric operators on the dense domain S ∞ with respect to the following scalar product:
Note that X is merely symmetric but P is still a self-adjoint operator. The KMM representation is not unique and using appropriate canonical transformations, we can obtain an alternative representation. For instance, consider the following exact representation [38] :
This representation is formally self-adjoint subject to the inner product
and preserves the ordinary nature of the position operator. Moreover, it agrees with the well-known perturbative proposal [24, 25, 27] X = x,
to first-order of the GUP parameter. In fact, both exact representations are equivalent and they are related by the following canonical transformation:
which transforms Eqs. (6) and (7) to Eqs. (3) and (4) subjected to Eq. (2). We can interpret p as the momentum operator at low energies (p = −ih∂/∂x) and P as the momentum operator at high energies. Of course, this procedure affects all Hamiltonians in both relativistic and nonrelativistic quantum mechanics. It is worth to mention that the nonperturbative formulation of the nonrelativistic quantum mechanics using the formally self-adjoint representation (6) and (7) has been thoroughly investigated in Ref. [38] . Note that, for the discrete potentials such as the box potential, the KMM representation would not be useful. Because, when the potential is discontinues at some fixed position, say X 0 , and since
2 )x, this discontinuity will not be located at a fixed position in x-space. In other words, we have a running momentum dependent discontinues potential in x-space. However, this is not the case for the second representation (6) and (7) due to the constancy of the nature of the position operator, namely, X = x.
GUP and the free Dirac particle
Let us consider an electron of mass m and spin 1/2 in relativistic quantum mechanics
where α i (i = 1, 2, 3) andβ are the Dirac matrices with the following representation:
where σ i are Pauli matrices and I is the 2 × 2 unit matrix. For one-spatial dimension, say z, the Dirac equation takes the form
where its positive energy solutions are given by
Here, k is the wave number satisfying the dispersion relation
and N is the normalization coefficient. Note that r 0 ranges from 0 to 1 for the nonrelativistic and ultra-relativistic regimes, respectively. Now, the GUP-corrected Dirac equation in one-dimension is given by 
By substituting this solution in Eq. (17) we find r and the modified dispersion relation as
. (20) Note that in the nonrelativistic limit (c → ∞), Eq. (19) gives the correct nonperturbative GUP modified Hamiltonian [38] 
where we have omitted the term mc 2 to fix the zero energy level.
In Fig. 1 , we have depicted the behavior of energy E and r versus k for several values of the GUP parameter. Since in more than one-dimension, an exact formally selfadjoint representation is not available, let us consider the following generalized uncertainty principle in three-dimensions: [2, 12, 24, 39] 
This inequality is equivalent to the modified Heisenberg algebra
where using the Jacobi identity gives
By defining
the above equation is satisfied to order β. Although this representation is not exact, it is self-adjoint and preserves the ordinary nature of the position operator.
Now, we can write the GUP-corrected Dirac equation to O(β)
in three-dimensions as (27) where k is the wave vector andk = k/| k| in Eq. (26) we obtain E = (hkc) 2 
where we have used the rotational invariance of the Hamiltonian and k
In the nonrelativistic limit, Eq. (28) gives the correct first-order GUP modified Hamiltonian [24] (30) where as before we have omitted the term mc 2 .
GUP and the Dirac particle in a box
To confine a relativistic particle in a box, unlike the nonrelativistic case, we cannot impose the constraint of vanishing the wave function at the boundaries. Because, the vanishing of the wave function at the boundaries results in the "Klein paradox", i.e., the flux of the reflected wave is larger than the flux of the incident wave and an increasing number of negative energy particles are excited. To avoid this problem, Alberto, Fiolhais and Gil assumed that the mass of the particle to be position dependent similar to the MIT bag model of quark confinement [41] 
where m and M are constants, and we will take the limit M → ∞ later (for the three-dimensional case see [42] ). We can separately write the solutions of the Dirac equation for each region as (32) (34) where
. Note that for large enough M, K will be imaginary and for M → ∞ the wave functions in regions I and III go to zero. To ensure the confinement of the particle in the box, we require that the Dirac current J D z =ψβα z ψ to be zero at the boundaries. So the boundary conditions are [34] iβα z ψ II | z=0 = ψ II | z=0 , (35) and
Using the explicit form of the wave function (32)- (34) and Eqs. (35) and (36) we obtain 
Note that the Dirac current is not the conserved current of the generalized Dirac equation (17) . Indeed, the conserved current contains additional terms which are also zero at the boundaries if J D z also vanishes there. To show this fact, note that by expanding Eq. (17), the additional terms in the modified Dirac Hamiltonian are in the form c(α z p z ) n for n > 1. In addition, since our ansatz is also the solution of the Dirac operator cα z p z +βmc 2 , the extra current terms are identically zero at the boundaries if J D z = 0. For instance, the current related to n = 2 is i J (2) z z=0
where we have used C = ( Thus, the total outward probability flow at z = 0 is zero. This is also true when we apply the boundary condition at z = L. Therefore, the outward probability flows at the boundaries is zero and the particle is indeed confined in the box. Using Eqs. (19) , (20) , and (39) we find the quantization condition as
where η = √ βmc is a dimensionless parameter and L c =h/mc is the electron's Compton wave length. In the absence of GUP (β → 0), Eq. (42) gives tan(kL) = −kL c [41] . So, to first-order, the shift in the wave number is
where the first term is a relativistic effect and the second term is due to the generalized uncertainty principle. When the size of the box is much larger than L c , the solutions coincide with the nonrelativistic case, i.e., k n = nπ /L. In Fig. 2 we have depicted the solutions as the intersection points of the left-hand and right-hand sides of Eq. (42) . The new effect in the presence of the minimal length is that the number of solutions is finite. Indeed Eq. (42) implies that there is an upper bound on the wave number
and the exact (nonperturbative) number of solutions is
where x denotes the smallest integer not less than x. Therefore, there is no solution for L ηL c . Note that these results cannot be addressed by the perturbative GUP approaches. The problem of a Dirac particle confined in a three-dimensional box is recently solved in Ref. [42] and the solutions are combinations of free Dirac spinors with positive energy which have the general form of Eq. (27) . After imposing the MIT bag boundary conditions, the quantization condition in three-dimensions is given by [42] 
wherek i = k i /| k|. Now following the aforementioned procedure and using (29) 
which modifies the ordinary quantization condition given by β = 0
[42].
GUP and the Dirac oscillator
Consider the stationary equation describing the Dirac oscillator in one-dimension [43, 44] 
where ω is the classical frequency of the oscillator and ψ = we find
Now using the exact formally self-adjoint representation (6)- (7) and in the momentum space we have
i tan(
This system gives the following second-order differential equation
which using p → √ mhωp and λ = mhωβ can be rewritten as
2 . In terms of the new variable
where by definition
and the boundary condition is
The above differential equation now coincides with the GUPcorrected Hamiltonian of the nonrelativistic harmonic oscillator [38] . Therefore, it is exactly solvable and the eigenfunctions can be obtained in terms of the Gauss hypergeometric functions respectively for even parity states
and odd parity states
Also the full spectrum is given bȳ
Therefore, in terms of the original variables we have
which agrees with Ref. [31] . In the nonrelativistic limit, the energy spectrum (E
which gives the correct n 2 dependent term [38] .
The partition function of the Dirac oscillator at temperature T and in the presence of the minimal length is
whereβ = 1/k B T . However, this partition function even in the absence of the minimal length cannot be expressed in a closed form. In fact, only at the high-temperature limit a closed expression is available for β = 0 [45] and β = 0 [31] . On the other hand, for the large enough frequencies so that
the third term in the square root dominates for all n and the partition function can be rewritten as 
So the mean energy, energy fluctuation, and heat capacity of the Dirac oscillator respectively are given by
These results show that the thermodynamics of the relativistic oscillator in the ultrahigh energy regime and in the presence of the minimal length is similar to the ordinary nonrelativistic harmonic oscillator. However, the thermodynamical frequency differs with the oscillator's frequency as a combinational effect of the minimal length and the relativity.
GUP and the Dirac equation with vector and scalar linear potentials
The presence of the four-vector momentum operator and the scalar rest-mass m, allows one to introduce naturally two types of potential coupling [47] . One is the gauge invariant coupling to the four-vector potential A μ via the minimal substitution P μ → P μ − g A μ , where g is a real coupling parameter. The other, is an additional coupling to the scalar potential S which is introduced by the substitution m → m + S. If we take the space component of the vector potential to vanish, i.e. A = 0, and write the time component of the four-vector potential as g A 0 = V , then we eventually have two independent potential functions in the Dirac and KleinGordon equations. These are the vector potential V and the scalar potential S.
Linear potentials have attracted more attention after the advent of the quark model [48] . Because the confinement of quarks in mesons and baryons could be approximately explained using the framework of phenomenological potential models. However, it is known that the presence of electrostatic linear potentials leads to the Klein paradox. So particles cannot be confined in the potential well without regard to the largeness of the electric field. To solve this problem and obtain bound states, we need to introduce a scalar potential by replacing m by m + S in the Dirac equation, where S is also proportional to spatial coordinates. Therefore, the rest mass of the particle grows indefinitely when its separation from the center increases which results in the confinement. Moreover, if V is independent of time and proportional to space coordinates (linearly rising potentials), it explains the motion of Dirac particle under the action of constant electrostatic and magnetic fields.
Consider the one-dimensional stationary Dirac equation describing a particle of mass m in the presence of a vector potential V (X) and a scalar potential S( X)
This problem is exactly solvable in the presence of the minimal length using the KMM representation (3)-(4) [32] . However, we show that using the formally self-adjoint representation (6)- (7), the solutions can be obtained in fewer steps. If we take
then we have
For the linear vector and scalar potentials V (X) = k X, S( X) = γ X , and using the representation (6)- (7) we obtain the following differential equation in the momentum space:
where 
If we define
Eq. (75) simplifies to 
For η = −1, from Eq. (61) we find ν = δ and¯ n (ν) = n(2δ + n) + δ.
Thus, the energy spectrum reads
Eqs. (78) and (79) show E (−)
n which indicates that except (η, n) = (−1, 0) all the energy levels are doubly degenerated [32] .
Also for large γ , δ vanishes and E n √ βhγ n. So the thermodynamics of this system follows Eqs. (67)- (70) and the thermodynamical frequency isω = √ βγ . Note that, again this result is the consequence of both the minimal length and the relativity.
GUP and the Klein-Gordon equation
Consider the Klein-Gordon (KG) equation for the free particle in one-spatial dimension
as the equation of motion of a quantum scalar or pseudoscalar field so that the field's quanta are spinless particles. The solution is φ(x, t) = e −iωt+ikx where ω = E/h and k
In the presence of the minimal length, i.e., p → P , and using the exact formally self-adjoint representation (7) we have
By taking φ(x) = e ik x we obtain tan(
So the solution is
GUP and the Klein-Gordon equation with scalar and vector linear potentials
Now consider the KG equation with mixed scalar and vector linear potentials [33] 
where V (X) = k X and S( X) = γ X . Using the formally self-adjoint representation, we obtain the following differential equation in the momentum space:
In terms of the new variable u = x + γ mc 2 +kE γ 2 −k 2 the above equation reads
Now using Eq. (76) the it simplifies to (1 + √ 1 + 4δ 2 ). So using Eq. (61) the energy spectrum is given by
This result agrees with the one obtained in Ref. [33] , but in a much more simpler way. In Fig. 3 , we have depicted the behavior of the characteristic energy spectrum E n = |
| of the spin 1/2 Fig. 3 . The characteristic energy spectrum E n versus the principal quantum number for δ = 10 (solid line) and δ = 0.1 (dashed line).
particle (78)-(79) and the spinless particle (88) versus the principal quantum number for δ = 10 and δ = 0.1. For large quantum numbers (n 1), we have 
GUP and the Lorentz violation
As it can be seen from Eqs. (17) and (81), both modified Dirac and Klein-Gordon equations are no longer relativistically covariant. This is due to the presence of the higher-order derivative terms in the expansion of the tangent function that violate the Lorentz symmetry. However, because of the smallness of the GUP parameter, the possible signals of Lorentz violation would only be detected in high energy experiments. On the other hand, it suggests that the upper bound on the deformation parameter would also come from experimental bounds on Lorentz violation.
Since any physical Lorentz violation must be small at our present low energies, it can be understood as a perturbation on known physics. The general theoretical framework for Lorentz violation is the Standard-Model Extension (SME), which is proposed by Alan Kostelecky and is constructed from known physics (the action for the Standard Model coupled to General Relativity) by adding all possible terms involving operators that violate Lorentz invariance (see [49] [50] [51] ). It is shown that the Lorentz violation can arise in various candidates for quantum gravity such as string theory, loop quantum gravity, noncommutative field theories, braneworld scenarios, and random dynamics models. For instance, it is proved that interactions in string theories could lead to the spontaneous breaking of Lorentz symmetry [52] .
We can consider SME as an effective field theory describing general Lorentz violation. It turns out that CPT violation in realistic effective field theory must also come with Lorentz violation (Greenberg theorem), so the SME also describes general CPT violation. This fact suggests that the possible physical GUP-related Lorentz violation is contained in the SME. The Lagrange density of the SME behaves as a scalar density under observer transformations, so the SME action is independent of the choice of coordinates. Each Lorentz-violating term is formed by contracting a Lorentz-violating operator with a coefficient that controls the size of the effects. The problem of detecting Lorentz violation therefore is the problem of measuring the coefficients.
The operators can be partially classified according to their mass dimension d, and they can be enumerated for any d. For our GUP analysis, the Lorentz-violating operators are of nonrenormalizable dimension, i.e. d > 4. This set of operators has been studied in detail for the photon sector [53] and for the neutrino sector [54] , and there are many experimental constraints on the corresponding coefficients (see the Data Tables for Lorentz and CPT violation [55] , updated annually). So for the application of GUP to photons or neutrinos, one can match the Lorentz-violating operators and the relevant constraints in the Data Tables. The limits on many coefficients are tight enough to detect Planck-suppressed effects. For the GUP-corrected Dirac equation, we would find bounds on the GUP parameter when the Data Tables for Lorentz violation of nonrenormalizable operators is available for the electron sector.
Conclusions
In this Letter, we have studied the nonperturbative effects of the minimal length on spin 1/2 and spinless relativistic particles with mass m for the following cases: a free particle and a particle in a box in one-and three-dimensions, Dirac oscillator, and a particle in the presence of the scalar and vector linear potentials in one-dimension. Using a formally self-adjoint representation, we found the exact energy eigenvalues and eigenfunctions and showed that they contain the correct perturbative and nonperturbative nonrelativistic limits. For the Dirac particle in a box, we found that the number of solutions are finite as a result of the nonperturbative study of the minimal length and the theory of relativity. We indicated that for the Dirac oscillator with an ultrahigh frequency, the corresponding partition function can be found in a closed form. It closely resembles the partition function of the nonrelativistic harmonic oscillator but with the modified thermodynamical frequencyω = √ βmcω. Moreover, we showed that the usage of the formally self-adjoint representation much simplifies the procedure of solving the corresponding differential equations. We finally addressed the Lorentz violating nature of the GUPcorrected relativistic wave equations. Although the effects of the generalized uncertainty principle are too small, the realization of its effects in current or future experiments could make a deep influence on our understanding about our surrounding universe and on the ultimate formulation of the quantum gravity proposal.
